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Abstract 
In this article an analytical equation for calculating the theoretical arithmetic mean surface roughness, Ra, 
in the case of turning using a tool with a circular nose radius is presented. The deviation that often occurs 
between the expected and the obtained surface roughness during these machining operations is 
investigated. Influence of the minimum chip thickness is discussed especially in regards to the related 
phenomenon of so called side flow of material on the machined surface. Three different kinds of 
workpiece materials have been investigated in order to gain a better understanding of their influence on 
the obtained surface roughness. The obtained results show that the surface roughness could be considered 
as being inside an interval of two analytically determined Ra-values. 
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1. Introduction 
It is of great importance to be able to predict and describe the topography of a machined surface. The 
topography could be considered as having a considerable influence on the long-term sustainability both 
when considering the properties of the finished product as well as during production [1]. The arithmetic 
mean surface roughness, Ra, is one of several different parameters that are used in order to describe the 
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deviation of a surface from an ideal level and is defined according to international standard (ISO 
4287:1997). Few analytical equations for describing the influence of different process parameters on the 
Ra surface roughness during machining have been published. Often the published equations are instead 
based on numerical adoptions to experimentally obtained values [2-6]. In many practical cases the 
maximum theoretical surface roughness, Rmax, is calculated for given values of the cutting data. By 
correcting the Rmax-value using a factor ranging from 3-4 as based on experience an approximation of the 
Ra-value may be obtained [7]. A true analytical ratio between the Rmax-value and the numerically 
calculated Ra-value does however not exist. This research is aimed towards finding an analytical equation 
in order to describe the theoretical Ra-value as a function of the feed, f, and the tool nose radius, r, Fig. 1. 
The proposed equation is verified by using experimentally obtained data from the machining of three 
different workpiece materials. 
 
 
Fig. 1. Geometrical illustration of the feed f, tool nose radius r, maximum surface roughness Rmax, arithmetic mean surface 
roughness Ra, mean surface roughness Rmean, angular coordinate δ and the angle ± δ0. 
In many machining cases a surface roughness value greater or smaller than the analytically calculated 
value may be obtained. Ductile, single-phase materials having a high degree of work hardening generally 
gives an improved surface roughness as opposed to brittle materials which often gives a worse surface 
roughness than the analytically calculated. In this article the principal factors influencing these 
discrepancies are discussed. 
 
           
Fig. 2. Principle illustration of the location of the minimum chip thickness h1min and the corresponding ploughing area Apl as well as 
the angular coordinate δ (left). Principle used for calculating the chip area An along the tool nose radius (right). 
Some of the material removal and deformation during a machining operation may be due to so called 
ploughing. This phenomenon has earlier been described by among others Waldorf et al. [8]. Ploughing is 
primarily due to that the theoretical chip thickness h1(δ) is to small in relationship to the tool edge radius 
rβ. At some point along the tool nose radius h1(δ) is equal to the minimum chip thickness h1min according 
to Fig. 2 [9,10]. This will have an influence on the surface roughness which could lead to a machined 
surface having a Ra-value which is either smaller or larger than the analytically expected. The effect of 
h1min on the obtained surface during milling has also previously to some extent been discussed by among 
others Shaw [11] and Bissacco et al. [12]. 
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2. Goals and limitations 
This research project has been limited to include a qualitative model for describing the relationship 
between the deviation of Ra and the minimum chip thickness h1min. The results are limited to cutting 
processes were the transition from main cutting edge to secondary cutting edge may be described as a 
circular arc and the combination of feed f and tool nose radius r allows for the chip to be generated along 
this arc. It is known that several different factors, such as vibrations and built-up edges (BUE), influence 
the surface roughness during machining [13]. In this analysis, the experiments have been performed in 
such a way as to minimize these effects. 
3. Analytical calculation of the Ra-value 
The arithmetic mean surface roughness Ra is defined according to Equation 1 and describes the 
deviation of a surface from a theoretical center line Rmean according to Fig. 1 over a measuring length Lm. 
𝑅𝑅𝑎𝑎 = 1𝐿𝐿𝑚𝑚 ∙ ∫ |𝑦𝑦| ∙ 𝑑𝑑𝑑𝑑𝐿𝐿𝑚𝑚0   (1) 
 
 
Fig. 3. Possible combinations between feed f and nose radius r which results in 3 different machining cases, a, b and c. 
If the transition from main to secondary cutting edge can be describe as a circular arc according to case 
a) in Fig. 3 the position of the cutting edge may be expressed by using polar coordinates, Equation 2.  
𝑅𝑅(𝛿𝛿) = 𝑟𝑟 ∙ �1 − 𝑐𝑐𝑐𝑐𝑐𝑐(𝛿𝛿)�  (2) 
Between the two angular positions ±δ0 the surface remaining after the machining operation is 
generated, Fig. 1. The mean position of the surface level in regards to the bottom line R(δ=0) can be 
calculated as being between ±δ0 according to Equation 3. The location of this mean position in 
relationship to the bottom line is also the mean roughness of the surface Rmean,δ with respect to the angle δ. 
𝑅𝑅𝑚𝑚𝑚𝑚𝑎𝑎𝑚𝑚,𝛿𝛿 = 12∙|𝛿𝛿0|∫ 𝑟𝑟 ∙ (1 − 𝑐𝑐𝑐𝑐𝑐𝑐 (𝛿𝛿))𝑑𝑑𝛿𝛿−𝛿𝛿0𝛿𝛿0 = 2𝑟𝑟∙𝑎𝑎𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎𝑚𝑚� 𝑓𝑓2𝑟𝑟�−𝑓𝑓2𝑟𝑟∙𝑎𝑎𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎𝑚𝑚� 𝑓𝑓
2𝑟𝑟
�
   where   𝛿𝛿0 = −𝑎𝑎𝑟𝑟𝑐𝑐𝑐𝑐𝑎𝑎𝑎𝑎 � 𝑓𝑓2𝑟𝑟� (3) 
In order to adapt this geometrical description to the definition of the Ra-value according to Equation 1, 
an integration must be performed in the direction of the x-coordinate and not with regard to the angular 
position δ. This change of coordinate system is done according to Equation 4. 
𝑑𝑑 = 𝑟𝑟 ∙ 𝑐𝑐𝑎𝑎𝑎𝑎 𝛿𝛿    𝑦𝑦 = 𝑟𝑟 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐 𝛿𝛿   𝑑𝑑𝑑𝑑
𝑑𝑑𝛿𝛿
= 𝑟𝑟 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐 𝛿𝛿    𝑑𝑑𝑑𝑑
𝑑𝑑𝛿𝛿
= −𝑟𝑟 ∙ 𝑐𝑐𝑎𝑎𝑎𝑎 𝛿𝛿 (4) 
Thus, Equation 3 may be rewritten as follows, Equation 5. 
𝑅𝑅𝑚𝑚𝑚𝑚𝑎𝑎𝑚𝑚 = 12𝑟𝑟 𝑎𝑎𝑎𝑎𝑚𝑚(|𝛿𝛿0|)∫ 𝑟𝑟 ∙ (1 − 𝑐𝑐𝑐𝑐𝑐𝑐(𝛿𝛿)) ∙ 𝑟𝑟−𝛿𝛿0𝛿𝛿0 𝑐𝑐𝑐𝑐𝑐𝑐(𝛿𝛿) 𝑑𝑑𝛿𝛿 = 𝑟𝑟 − 𝑟𝑟2𝑓𝑓 𝑎𝑎𝑟𝑟𝑐𝑐𝑐𝑐𝑎𝑎𝑎𝑎 � 𝑓𝑓2𝑟𝑟� − 𝑟𝑟2�1 − 𝑓𝑓24∙𝑟𝑟2 (5) 
Calculation of the mean surface roughness Rmean requires that the feed is sufficiently small in 
relationship to the tool nose radius according to case a) in Fig. 3. These three different machining cases 
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have previously been introduced by Bus et al. [14], Puhasmägi [15], Ståhl [10] as well as earlier by Isaev 
[16]. The arithmetic mean surface roughness Ra may be calculated according to Equation 6 by using the 
previously introduced equations. 
𝑅𝑅𝑎𝑎 = 12𝑟𝑟 𝑠𝑠𝑠𝑠𝑠𝑠(|𝛿𝛿0|)∫ �𝑅𝑅(𝛿𝛿) − 𝑅𝑅𝑚𝑚𝑚𝑚𝑎𝑎𝑠𝑠,𝛿𝛿� ∙ 𝑟𝑟 𝑐𝑐𝑐𝑐𝑐𝑐(𝛿𝛿)𝑑𝑑𝛿𝛿−𝛿𝛿0𝛿𝛿0  (6) 
In order to avoid double compensation when changing the coordinate system Rmean,δ is used in 
Equation 6 instead of Rmean.  
4. Proposed analytical equation for the calculation of Ra 
Equation 6 describes the exact theoretical Ra-value. This integral does not have any practically useful 
primitive function and needs to be solved numerically. The integral according to Equation 5, for 
describing Rmean, does however have a comparatively simple primitive function. The ratio between Rmean 
and Ra is approximately constant for all practically useful values of the feed and nose radius for case a) 
according to Fig. 3. The ratio between Rmean and Ra is 1.29870 for all feeds f < 0.6·r, the ration between 
Rmax (Equation 7) and Ra varies between 3.74 and 3.91 under the same conditions.  






  (7) 
By using the ration between Rmean and Ra an approximate analytical equation for Ra may be 
determined, Equation 8. The later of the expressions in Equation 8 is based on Equation 3, being the 
equation before changing the coordinate system. In respect to the process data which is normally used in 
industry both relationships gives approximately the same results. 
𝑅𝑅𝑎𝑎 ≈
1
1.29870 ∙ 𝑅𝑅𝑚𝑚𝑚𝑚𝑎𝑎𝑠𝑠 = 0.77 ∙ �𝑟𝑟 − 𝑟𝑟2𝑓𝑓 𝑎𝑎𝑟𝑟𝑐𝑐𝑐𝑐𝑎𝑎𝑎𝑎 � 𝑓𝑓2𝑟𝑟� − 𝑟𝑟2�1 − 𝑓𝑓24∙𝑟𝑟� ≈ 0.77 ∙ �1 − 𝑓𝑓2𝑟𝑟𝑎𝑎𝑟𝑟𝑎𝑎𝑠𝑠𝑠𝑠𝑠𝑠� 𝑓𝑓
2𝑟𝑟
�
� ∙ 𝑟𝑟 (8) 
given that 𝑓𝑓 ≤ 2�𝑎𝑎𝑝𝑝�2𝑟𝑟 − 𝑎𝑎𝑝𝑝� ≤ 2𝑟𝑟 
5. The influence of h1min on the surface roughness 
The chip area Apl (Fig. 2) which is not generated as a chip with shear planes will be created between 
the two angular positions [δ0, δh1min] and may be calculated according to Equation 9, Ståhl [10]. δ0 and 
δh1min corresponds to the value of the angular coordinate δ at h1 = 0 and h1 = h1min respectively. 
𝐴𝐴𝑝𝑝𝑝𝑝 = ∫ ℎ1(𝛿𝛿) ∙ �𝑟𝑟 − ℎ1(𝛿𝛿)2 � 𝑑𝑑𝛿𝛿𝛿𝛿ℎ1𝑚𝑚𝑚𝑚𝑚𝑚𝛿𝛿0    where   𝛿𝛿ℎ1𝑚𝑚𝑠𝑠𝑠𝑠 = −𝑎𝑎𝑟𝑟𝑐𝑐𝑐𝑐𝑎𝑎𝑎𝑎 �𝑓𝑓2−2∙𝑟𝑟∙ℎ1𝑚𝑚𝑚𝑚𝑚𝑚+ℎ1𝑚𝑚𝑚𝑚𝑚𝑚22∙𝑓𝑓∙(𝑟𝑟−ℎ1𝑚𝑚𝑚𝑚𝑚𝑚) �   (9) 
The variable h1(δ) according to Fig. 1 may be calculated as follows, Equation 10. 
ℎ1(𝛿𝛿) = 𝑓𝑓 ∙ 𝑐𝑐𝑎𝑎𝑎𝑎(𝛿𝛿) + 𝑟𝑟 − �𝑟𝑟2 − 𝑓𝑓2 𝑐𝑐𝑐𝑐𝑐𝑐2(𝛿𝛿)   (10) 
Material related to the Apl surface will mainly be distributed according to Equation 11 as the following; 
a) Material attached to the machined surface by so called side flow, Asurf, b) Material distributed on the 
chip or as chip dust which has not passed the primary deformation zone of the machining process, Achip or 
c) Material which passes over the tool edge radius and forms parts of a heavily deformed surface, AεIII. 
𝐴𝐴𝑝𝑝𝑝𝑝 = 𝐴𝐴𝑠𝑠𝑠𝑠𝑟𝑟𝑓𝑓 + 𝐴𝐴𝜀𝜀𝜀𝜀𝜀𝜀𝜀𝜀 + 𝐴𝐴𝑎𝑎ℎ𝑠𝑠𝑝𝑝 = 𝜔𝜔 ∙ �𝐴𝐴𝑠𝑠𝑠𝑠𝑟𝑟𝑓𝑓 + 𝐴𝐴𝜀𝜀𝜀𝜀𝜀𝜀𝜀𝜀� + (1 − 𝜔𝜔)𝐴𝐴𝑎𝑎ℎ𝑠𝑠𝑝𝑝 (11) 
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The amount of Apl which is left on the machined surface of the workpiece may be described as ω·Apl, 
where ω is the amount of material which flows down onto the machined surface. This factor will 
influence both the mean surface roughness Rmean, the Ra-value as well as the geometry and mechanical 
properties of the generated surface. For example the residual stresses are related to the width of the 
surface deformation εIII in the machined surface. In average, Apl will be distributed in the axial direction 
over a distance corresponding to the feed f. The minimum chip thickness h1min and the effects thereof thus 
has a direct influence on the surface topography in regards to Rmean and due to this h1min has an indirect 
influence on Rmax and Ra. This relationship may qualitatively be described by using the Rh1min function 
according to Equation 12. 
𝑅𝑅ℎ1𝑚𝑚𝑚𝑚𝑚𝑚 = 𝜔𝜔∙𝐴𝐴𝑝𝑝𝑝𝑝𝑓𝑓    where   𝜔𝜔 = 𝜔𝜔0𝜔𝜔0+𝜔𝜔1∙[𝑟𝑟(𝛿𝛿ℎ1𝑚𝑚𝑚𝑚𝑚𝑚−𝛿𝛿0)]𝜔𝜔2 (12) 
The amount of material which flows in an axial direction ω (side flow) may be described as a function 
of the feed, nose radius and the minimum chip thickness. The distribution of the uncut material can be 
assumed as to some degree being proportional to the length of the part of the active tool edge which is not 
cutting, often referred to as the effect of the wiper-length. This means that an increase of the tool nose 
radius will lead to a smaller amount of side flow, which may be approximated according to the function 
ω, Equation 12, were ω0, ω1 and ω2 are constants dependent on the workpiece material and temperature. 
 
 
Fig. 4. Principle effects of h1min as seen on the workpiece surface (a) and chip (b). The interrupted line illustrates the principle border 
for material removed through ploughing as well as forming a part of the deformed layer εIII in the generated surface (c). 
By analyzing chips obtained from the process the size of h1min may be calculated [9]. For small chip 
thicknesses, often h1 < 0.1 mm, the tool edge radius rβ is primarily influencing the size of the minimum 
chip thickness h1min (rβ-region). For larger chip thicknesses the size of h1min is primarily influenced by the 
speed of the material flow in the chip and the degree of deformation γI in the primary deformation zone 
along the tool edge (chip flow angle νch-region). The minimum chip thickness h1min may for a ductile 
workpiece material be described according to Equation 13. The equation is given for a constant value of 
the cutting speed vc. Fig. 5 illustrates the calculated values for each the workpiece materials. 
ℎ1𝑚𝑚𝑚𝑚𝑚𝑚 = ℎ1𝑚𝑚𝑚𝑚𝑚𝑚,0 ∙ �1 + � ℎ1ℎ1,0�𝑔𝑔1�𝑔𝑔2𝑔𝑔1  (13) 
In Equation 13, h1min,0 describes the minimum chip thickness for chip thicknesses h1 < h1,0 and in 
regards to a given tool edge radius rβ and workpiece material. h1,0 is the breakpoint between the rβ-region 
and the chip flow region. The variables g1 and g2 are shape parameters for numerically adapting the 
equation to the experimentally obtained data. The behavior of the minimum chip thickness h1min leads to 
that the distribution of uncut material Rh1min has a minimum value in close proximity to the breakpoint 
h1,0. On both sides of this break point the value of Rh1min increases as a function of increasing feed or 






b a c 
354  J-E. Ståhl et al. / Procedia Engineering 19 (2011) 349 – 356 J-E. Ståhl et al./ Procedia Engineering 00 (2012) 000–000 6 
 
   
Fig. 5. Relationship between the theoretical chip thickness h1 and h1min for the different workpiece materials. The circles correspond 
to experimentally obtained values [9] and the solid lines illustrate calculated values obtained by using Equation 13. 
6. Experimental setup and procedure 
Experiments have been performed in a laboratory environment by longitudinally turning 3 different 
workpiece materials all of which were ductile which should ensure that a significant amount of workpiece 
material is deformed plastically. The experiments have been conducted using 2 different tool nose radii, r 
= 0.4 mm and 0.8 mm. Machining has been performed at a recommended cutting speed of vc = 70 m/min 
and a depth of cut ap of ap = 0.5 mm which remained constant during all of these experiments. The 
cemented carbide cutting tools used were manufactured by SECO TOOLS AB Fagersta, Sweden. 
Workpiece materials during these experiments were SAF 2205, Ti6Al4V and Alloy 718 machined with 
cutting tools having the geometries DCMT11T304 and DCMT11T308. A SMT Swedturn 300 lathe was 
used to preforme the experiments. The surface roughness has been measured by using equipment based 
on the stylus measuring technique. A Mahr Perthometer M4Pi was used in performing these 
measurements. For each of the workpiece materials and nose radii respectively 5 different feeds have 
been used. The machining time has been limited in order to minimize the possible effects from tool wear 
on the obtained surface roughness. After each of the experiments the surface roughnesses Rmax and Ra 
have been measured. For this part of the experimental investigation 27 individual tests have been 
conducted. The surface roughness for each individual experiment was measured 3 times and the mean 
value of these 3 measurements were used in the continuation of this study. The constants in Equation 12 
and Equation 13 have been approximated by using the least square method based on the obtained 
experimental results. 
7. Obtained results 
By analyzing the results previously obtained on the minimum chip thickness [9] the size of h1min could 
be modeled according to equation 13 by adapting the equation to the experimentally obtained values for 
each of the three workpiece materials investigated. By assuming that the difference between the real 
obtained values and the analytically calculated values only is influenced by the effects of h1min the 
following relationship may be obtained, Equation 14. With the help of this equation the three different 
constants ω0, ω1 and ω2 may be determined for each of the investigated workpiece materials respectively. 
The factor 0.77 must be used in accordance to Equation 8 due to the relationship between Ra and Rmean. 
�𝑅𝑅𝑎𝑎𝑚𝑚𝑚𝑚𝑎𝑎𝑚𝑚𝑚𝑚𝑚𝑚 − 𝑅𝑅𝑎𝑎𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚� = 0.77 ∙ 𝑅𝑅ℎ1𝑚𝑚𝑚𝑚𝑚𝑚 = 0.77 ∙ 𝜔𝜔∙𝐴𝐴𝑝𝑝𝑝𝑝𝑓𝑓 = 0.77 ∙ 𝜔𝜔0𝜔𝜔0+𝜔𝜔1∙[𝑚𝑚(𝛿𝛿ℎ1𝑚𝑚𝑚𝑚𝑚𝑚−𝛿𝛿0)]𝜔𝜔2 ∙ 𝐴𝐴𝑝𝑝𝑝𝑝𝑓𝑓  (14) 
From a principal perspective two extreme points could be considered resulting in a minimum and 
maximum value for the obtained surface roughness Ra. This is due that the side flow could either improve 






[µm ] SAF 2205
h1 [mm ] 







h1 [mm ] 






[µm ] Alloy 718
h1 [mm ] 
355J-E. Ståhl et al. / Procedia Engineering 19 (2011) 349 – 356 J-E. Ståhl et al./ Procedia Engineering 00 (2012) 000–000 7 
or worsen the surface roughness depending on how the Apl area is plastically deformed. This variation of 
the surface roughness Ra can be described according to Equation 15. In Equation 15 a deviation factor σf 
is introduced which is used to distribute the effect of these possible variations of the obtained surface 
roughness. 
𝑅𝑅𝑎𝑎 ≈ 𝑅𝑅𝑎𝑎𝑚𝑚𝑚𝑚𝑎𝑎𝑚𝑚𝑚𝑚𝑚𝑚 ≈ 𝑅𝑅𝑎𝑎𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 ± 𝜎𝜎𝑓𝑓 ∙ 0.77 ∙ 𝑅𝑅ℎ1𝑚𝑚𝑚𝑚𝑚𝑚  (15) 
   
Fig. 6. Obtained results when modeling Ra for the three different workpiece materials. 
Table 1. Constants obtained for the different workpiece materials investigated by modeling the experimentally obtained values. 
Material ω0 ω1 ω2 σf 
SAF 2205 0.041 2.14 -0.29 4 
Ti6Al4V 0.004 1.71 1.05 3 
Alloy 718 0.015 1.50 0.22 2 
 
By using Equation 15 the different obtained surface roughnesses could be modeled. The results 
obtained from these models may be found in Fig. 6. The solid, thicker lines illustrate the theoretical 
values for the surface roughness obtained by using Equation 8. The interrupted lines shows the possible 
variations which could occur when the effects of the uncut material is distributed over the machined 
surface according to Equation 15. Note that the deviation factor σf varies for these three different 
workpiece materials. Calculated negative Ra-values indicate that more material is deposited on the 
surface, as calculated by �𝜔𝜔 ∙ 𝐴𝐴𝑝𝑝𝑚𝑚� 𝑓𝑓⁄ , than what is needed to fill out the surface roughness. This will 
presumably lead to a locally increased deformation of the machined surface εIII. 
8. Discussion and conclusions 
It is generally accepted that the real values of the surface roughness in general are better or worse than 
the theoretically calculated primarily due to one or several factors such as; effect related to the minimum 
chip thickness h1min, so called “side-flow”, BUE, vibrations or damages on the cutting edge. This article 
has focused on qualitatively studying the deviations between measuring data and theoretically determined 
Ra-values mainly due to effects related to the minimum chip thickness h1min. The amount of material 
deposited on the machined surface increases as a function of the uncut chip area Apl due to h1min. 
Depending on circumstances, the uncut material may either improve or worsen the generated surface in 
regards to the Ra-value. In both cases a deviation from the theoretical Ra-value will be obtained. Apl 
distributed over the machined surface, in other words Rh1min according to Equation 12, may therefore be 
viewed as a potential risk for obtaining a worse surface than the theoretically expected. This study has 
been performed without changing the cutting speed. An increase of the cutting speed vc gives the 
possibilities for an increased deformation of the workpiece surface by increased temperature, which in 
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turn gives increased possibilities for an improved surface roughness to be obtained. It could be assumed 
that the constants ω0, ω1, ω2 and σf in some way are related to the deformation hardening and the 
elongation at rupture of the workpiece material although this still has to be conclusively proven. 
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